The introduction of electromagnetic fields into the Boltzmann equation following a 5D general relativistic approach is considered in order to establish the transport equations for dilute charged fluids in the presence of a weak electromagnetic field. The conserved 5D stress-energy tensor is evaluated using the Jüttner function for non-degenerate relativistic gases in local equilibrium, and the evolution equations for the local thermodynamic variables are established by means of relativistic kinetic theory. An outline of the possibilities offered by the Kaluza-type approach to MHD is also included.
Introduction
It is well-known that relativistic kinetic theory is necessary to describe transport processes in high temperature gases. As the parameter z = kT /mc 2 increases, thermal relativistic effects become more significant. The use of the Jütnner function:
e mVµU µ kT (1) allows to establish straightforwardly the relativistic generalization of the transport equations in the Euler regime. In Equation (1) n is the numerical density of particles, V µ the individual particle velocity, U µ the hydrodynamic velocity and K n (1/z) the modified Bessel function of the second type of order n. Recently, it has been noticed that the effects of electromagnetic fields can be introduced into the Boltzmann equation using a five-dimensional space-time, according to the tenets of the general theory of relativity [1] . Back in 1921, T. Kaluza showed that the motion of individual particles in an electromagnetic field corresponds to geodesics identifying the electromagnetic field tensor with the geometric Christoffel symbols present in general relativity using the relation
and proposing that the charge-mass ratio of the individual particles is related to a fifth component of the velocity through the expression v 5 = q ξm , where ξ = 16πGǫ 0 c 2 is a coupling constant. Kaluza also showed that Maxwell's equations are contained in the Einstein field equations using the extra dimension ansatz and the cylindrical condition ∂ ∂x 5 = 0, which corresponds to symmetry with respect to any change in the fifth coordinate [?] . Following these ideas, it is appealing to introduce this geometric approach to kinetic theory in order to describe the transport processes present in dilute charged gases, reproducing well-known results from a new perspective and possibly identifying new effects mainly present in the z > 1 regime. This work is intended to show how kinetic theory can be applied in order to obtain the basic transport equations for a dilute charged fluid, in accordance to the Kaluza's approach to electromagnetism. To accomplish this task we have divided this paper as follows: Section 2 includes, for clarity reasons, a review of the Euler regime in gravitational fields using the basic features of general relativity, section 3 is devoted to the analysis of the stress-energy tensor within the 5D formalism, finally a discussion of the possible relevance of the ideas here presented is included in the fourth section of this work.
2 Review of the Euler regime of a dilute relativistic fluid in the presence of gravity.
The starting point of this section is the conserved stress-energy tensor in a four-dimensional space-time, which reads
where f is the one-particle distribution function for individual atoms of mass m evolving in space-time with four-velocity V µ . The basic transport equations are included in the expressions:
which can be obtained multiplying the relativistic Boltzmann equation by the collisional invariants (1, mV ν ) and upon integration in the velocity space using the invariant velocity element d * V [2] . In these equations the semicolon is used to indicate a covariant derivative which includes the effects of the gravitational field in terms of space-time curvature. In order to readily evaluate the stress-energy tensor in local equilibrium, it is useful to split the four-velocities present in Equation (3) in its systematic and peculiar velocities K µ . For this purpose we use Eckart's decomposition [3] :
where the tensor R µ ν corresponds to the product of the Lorentz transform in the comoving frame (using the hydrodynamic velocity), and the spatial projector for a given metric g µν reads h µν = g µν + 1 c 2 U µ U ν [6] . In Equation (6) γ is the usual Lorentz factor referred to the peculiar velocities. Substitution of Equation (1) and (6) into Equation (3) yields:
where the local pressure and the internal energy are respectively given by:
The relativistic Euler regime is straightforwardly obtained from Equation (4) to (5), and Equation (7) to (9) . This set of equations can be simplified in terms of total time derivatives namely,ṅ + nU µ ;µ = 0 (10)
In Equation (11),ρ = nǫ mc 2 + p c 2 is an effective density which in the non-relativistic limit (z << 1) simply becomes the ordinary mass density ρ = nm. The system (10-11) is well-known and can be found in classical references [4, 5] . In the next section we will apply an analogue technique in order to obtain the MHD equations in the Euler regime with the aforementioned 5D space-time.
3 Momentum balance equation in GR: the "hidden force" and the 5D approach
The effects of "external forces" are indeed present in Equation (11), this is an important conceptual difference between the Newtonian and the geometric approaches. In general relativity the absolute derivativeU ν = ∂U ν ∂x α U α +Γ ν αβ U α U β contains the field effects; thus Equation (11) can be rewritten in terms of a flat space-time total proper-time derivative as:
In Equation (12) Γ ν αβ is the Christoffel symbol, which contains the gravitational sources and is given by
In the simplest case of a Newtonian metric, and for z << 1, Equation (13) reduces to the ordinary Euler equation in the presence of a gravitational field
In the same spirit, an analogue treatment of the Boltzmann equation can be performed in the Kaluza 5D space-time [1] . The conserved quantity T AB contains the effects of the electromagnetic field:
in Equation (16), the indices run from 1 to 5, and according to Kaluza's ansatz (V 5 = q ξm ) the new components correspond to the electric charge density and currents, so that
the component T 55 in Equation (16) is not present in the balance equations due to the cylindrical condition, so it is not necessary to show its explicit computation. It is convenient to discuss carefully both the continuity equation and the momentum balance in this geometrical picture. For the particle flux, direct integration of the Boltzmann equation yields:
where
Using the cylindrical condition, neglecting second order terms in the field and considering the fact that the electromagnetic tensor is antisymmetric, we obtain no changes in the ordinary general relativistic continuity equation
This equation is consistent with charge conservation T 5ν ;ν = 0, by means of the densityflux expression (17), so that charge and particle balances are identical. In the derivation of Equation (17) use has been made of the metric tensor
and the standard expressions
Equation (13) and Equation (22) to (24) are consistent up to first order with (2) . For the momentum balance it is convenient to introduce the covariant derivative of a second rank tensor given by
Using the cylindrical condition and expanding the sums in order to separate the electromagnetic contributions to the balance equation, one obtains for the ordinary space-time components:
The four-dimensional Euler equation can be identified with the first three terms of Equation (26). The last two terms correspond to the effects of the electromagnetic field. The result thus obtained is:ρU
The Christoffel symbol included in Equation (27) is easily identified with the electromagnetic field tensor in accordance to Equation (2) , so that the basic magnetohydrodynamic momentum balance is recovered:
where J ν is the current density four-vector given by
and E, B correspond to the electric and magnetic fields respectively. In Equation (27) relativistic effects arise, not only from the space-time curvature approach, but also from the thermodynamic effects included inρ. It is interesting to notice that this equation corresponds to that reported using a flat space-time and the ordinary external force approach in the context of special relativity [?, 7] .
The derivation here presented is novel and broadens the ideas earlier exposed in Ref. [1] .
Final remarks
Space-time curvature has been successfully introduced in the Boltzmann equation for the case of gravitational fields since the 1960's [8] . Interesting results regarding gravitational collapse (Jeans instability) for dissipative fluids and bulk viscosity are now well understood thanks to relativistic kinetic theory [9] . The use of GR can also be applied to the case of the electromagnetic field by means of the Kaluza's approach to field theory. The first work that included dissipative processes in a Kaluza-type MHD was performed in a phenomenological fashion sixteen years ago [10] . Later on, an attempt to establish a wave equation for heat conduction in a simple charged fluid using these techniques was also proposed phenomenologically [11] . Nevertheless, only recently the kinetic foundations were analyzed through the Boltzmann equation [1] . Success has been achieved in the case of the Euler charged fluid and work is in progress in the Navier-Stokes regime for single component gases.
A direct statistical treatment of dissipative effects in Kaluza's MHD involves the use of the Chapman-Enskog expansion in which the distribution function up to first order in the gradients has the form:
where f (0) is given by Equation (1) and f (1) has the approximate form [1]
In Equation (31) τ corresponds to the relaxation parameter of the BGK approximation and the electromagnetic effects are contained in the covariant derivatives taken over the complete 5D space-time. Our approach allows to identify thermal-electric and thermalmagnetic effects as being caused by space-time curvature properties of space-time which in contrast are viewed as external forces in Newtonian physics.
Future work includes a generalization to the Burnett regime, the use of a more accurate model for the Kernel in the Boltzmann equation and the careful reproduction of cross-effects (Soret, Dufour) for binary systems. The mathematical methods of general relativity have already shown its potentialities in astrophysical problems regarding rarefied and low density fluids in the presence of high curvature and with extremely high values of the parameter z. It is interesting to notice that most of these GR procedures can in principle be introduced to the study of plasma physics using the ideas proposed in the present work. Thus, it is possible that this approach will provide new insights for important issues such as causality and stability in these thermodynamic systems.
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